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Àííîòàöèÿ
Â ðàçâèòèå ïîëó÷åííûõ ðàíåå ðåçóëüòàòîâ ïîñòðîåíà óòî÷íåííàÿ äâóìåðíàÿ ìàòå-
ìàòè÷åñêàÿ ìîäåëü äèíàìè÷åñêîãî äåîðìèðîâàíèÿ ìíîãîñëîéíûõ ïëàñòèí è îáîëî÷åê
ñ òðàíñâåðñàëüíî-ìÿãêèìè çàïîëíèòåëÿìè, îñíîâàííàÿ íà èñïîëüçîâàíèè êëàññè÷åñêîé
ìîäåëè ÊèðõãîàËÿâà äëÿ íåñóùèõ ñëîåâ è ãèïîòåçû î ïîäîáèè çàêîíîâ èçìåíåíèÿ ïå-
ðåìåùåíèé ïî òîëùèíå çàïîëíèòåëåé êàê ïðè ñòàòè÷åñêèõ, òàê è äèíàìè÷åñêèõ ïðîöåññàõ
íàãðóæåíèÿ. Èñõîäÿ èç ýòîé ãèïîòåçû, äëÿ òðàíñâåðñàëüíî-ìÿãêîãî çàïîëíèòåëÿ ñîñòàâ-
ëåíû óïðîùåííûå êâàçèñòàòè÷åñêèå óðàâíåíèÿ òåîðèè óïðóãîñòè, äîïóñêàþùèå èíòåãðè-
ðîâàíèå ïî ïîïåðå÷íîé êîîðäèíàòå. Ïðè èõ èíòåãðèðîâàíèè äëÿ îïèñàíèÿ íàïðÿæåííî-
äåîðìèðîâàííîãî ñîñòîÿíèÿ (ÍÄÑ) ââåäåíû â ðàññìîòðåíèå, êàê è â ñòàòè÷åñêèõ çà-
äà÷àõ, äâå äâóìåðíûå íåèçâåñòíûå óíêöèè, ïðåäñòàâëÿþùèå ñîáîé ïîïåðå÷íûå êàñà-
òåëüíûå íàïðÿæåíèÿ, ïîñòîÿííûå ïî òîëùèíå. Íà îñíîâå îáîáùåííîãî âàðèàöèîííîãî
ïðèíöèïà Îñòðîãðàäñêîãî  àìèëüòîíà äëÿ îïèñàíèÿ äèíàìè÷åñêèõ ïðîöåññîâ äåîðìè-
ðîâàíèÿ ñ áîëüøèìè ïîêàçàòåëÿìè èçìåíÿåìîñòè ïàðàìåòðîâ ÍÄÑ ïîñòðîåíû äâóìåðíûå
óðàâíåíèÿ äâèæåíèÿ îáùåãî âèäà, â êîòîðûõ èíåðöèîííûå ñîñòàâëÿþùèå èìåþò îäèíàêî-
âóþ ñòåïåíü òî÷íîñòè â ñðàâíåíèè ñ äðóãèìè. Ïðîâåäåíî óïðîùåíèå ïîñòðîåííûõ óðàâíå-
íèé äëÿ ñëó÷àÿ ìàëîé èçìåíÿåìîñòè ïàðàìåòðîâ ÍÄÑ. àññìîòðåíà çàäà÷à î ìàëûõ ñâî-
áîäíûõ êîëåáàíèÿõ ïðÿìîóãîëüíîé ìíîãîñëîéíîé ïëàñòèíû, õàðàêòåðèçóþùèõñÿ íóëåâîé
èçìåíÿåìîñòüþ óíêöèé â òàíãåíöèàëüíûõ íàïðàâëåíèÿõ è ðåàëèçóþùèõñÿ â ïëàñòèíå
áåç äåîðìàöèé íåñóùèõ ñëîåâ.
Êëþ÷åâûå ñëîâà: îðòîòðîïíàÿ ïëàñòèíà, óòî÷íåííàÿ òåîðèÿ, òðèãîíîìåòðè÷åñêèå
óíêöèè, ñâîáîäíûå êîëåáàíèÿ, ïðîäîëüíî-ïîïåðå÷íàÿ îðìà, ÷àñòîòû êîëåáàíèé.
Ââåäåíèå
Â îáëàñòè ìåõàíèêè ìíîãîñëîéíûõ ïëàñòèí è îáîëî÷åê ê íàñòîÿùåìó âðåìåíè
îïóáëèêîâàíî áîëüøîå êîëè÷åñòâî ðàáîò, ïîñâÿùåííûõ êàê òåîðåòè÷åñêèì, òàê è
ýêñïåðèìåíòàëüíûì èññëåäîâàíèÿì. Â óêàçàííîé îáëàñòè çàäà÷è, ñâÿçàííûå ñ âû-
ÿâëåíèåì è êëàññèèêàöèåé âîçìîæíûõ îðì ïîòåðè óñòîé÷èâîñòè (ÔÏÓ) è êî-
ëåáàíèé, à òàêæå ïîñòðîåíèåì äëÿ èõ îïèñàíèÿ ñîîòâåòñòâóþùèõ ìàòåìàòè÷åñêèõ
ìîäåëåé è ðàçðåøàþùèõ óðàâíåíèé, ñîñòàâëÿþò îäíî èç íàïðàâëåíèé íàó÷íûõ èñ-
ñëåäîâàíèé.
Îáùåå ñîñòîÿíèå èññëåäîâàíèé â ìåõàíèêå ñëîèñòûõ ïëàñòèí è îáîëî÷åê â
1996 ã. áûëî îñâåùåíî â îáçîðíîé ñòàòüå [1℄, à ñîñòîÿíèå òåîðèè óñòîé÷èâîñòè
òðåõñëîéíûõ ïëàñòèí è îáîëî÷åê ñ àíàëèçîì ýòàïîâ åå ðàçâèòèÿ è íàïðàâëåíèé
äàëüíåéøèõ èññëåäîâàíèé áûëî îòðàæåíî â ñòàòüÿõ [2, 3℄. Â ñîîòâåòñòâèè ñ ðàçðà-
áîòàííîé òàì êëàññèèêàöèåé ÔÏÓ â òðåõñëîéíûõ ïëàñòèíàõ è îáîëî÷êàõ â çàâè-
ñèìîñòè îò âèäà äîêðèòè÷åñêîãî íàïðÿæåííî-äåîðìèðîâàííîãî ñîñòîÿíèÿ (ÍÄÑ)
â íåñóùèõ ñëîÿõ è çàïîëíèòåëå ñëåäóåò ðàçëè÷àòü:
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1) êîñîñèììåòðè÷íóþ (ñèíàçíóþ) ÔÏÓ, ÿâëÿþùóþñÿ èçãèáíî-ñäâèãîâîé, è
ñèììåòðè÷íóþ (àíòèàçíóþ) ÔÏÓ, ñâÿçàííóþ ñ àíòèàçíûì èçãèáîì íåñóùèõ
ñëîåâ è ðåàëèçóþùóþñÿ â ïëàñòèíàõ ïðè îäèíàêîâûõ çíà÷åíèÿõ äîêðèòè÷åñêèõ
óñèëèé â íåñóùèõ ñëîÿõ è íóëåâûõ çíà÷åíèÿõ äîêðèòè÷åñêèõ ïîïåðå÷íûõ êàñà-
òåëüíûõ íàïðÿæåíèé â çàïîëíèòåëå;
2) ñìåøàííóþ èçãèáíî-ñäâèãîâóþ ÔÏÓ, ðåàëèçóþùóþñÿ â ïëàñòèíàõ è îáîëî÷-
êàõ ïðè íåðàâíûõ çíà÷åíèÿõ äîêðèòè÷åñêèõ óñèëèé â íåñóùèõ ñëîÿõ è êàê íóëåâûõ,
òàê è íåíóëåâûõ äîêðèòè÷åñêèõ ïîïåðå÷íûõ êàñàòåëüíûõ íàïðÿæåíèÿõ â çàïîëíè-
òåëå;
3) ÷èñòî ñäâèãîâóþ ÔÏÓ, ïðè ðåàëèçàöèè êîòîðîé â çàïîëíèòåëå îðìèðóåòñÿ
÷èñòî ñäâèãîâîå âîçìóùåííîå íàïðÿæåííî-äåîðìèðîâàííîå ñîñòîÿíèå;
4) ñäâèãîâóþ ÔÏÓ â òàíãåíöèàëüíûõ íàïðàâëåíèÿõ, ðåàëèçóþùóþñÿ ïðè ìà-
ëûõ çíà÷åíèÿõ ìîäóëÿ ñäâèãà ìàòåðèàëà íåñóùèõ ñëîåâ â òàíãåíöèàëüíîé ïëîñêî-
ñòè;
5) ïðîèçâîëüíóþ ÔÏÓ, ïðåäñòàâëÿþùóþ ñîáîé êîìáèíàöèþ óêàçàííûõ îðì
ïðè äîêðèòè÷åñêîì ÍÄÑ ïðîèçâîëüíîãî âèäà.
Èçó÷åíèå îïèñàííûõ âûøå ÔÏÓ ïîòðåáîâàëî ïîñòðîåíèÿ ñîîòâåòñòâóþùèõ
óòî÷íåííûõ óðàâíåíèé òåîðèè óñòîé÷èâîñòè, êîòîðûå îòëè÷àþòñÿ îò èçâåñòíûõ
â ëèòåðàòóðå ó÷åòîì ðÿäà íå ïðèíèìàâøèõñÿ âî âíèìàíèå ïðèíöèïèàëüíûõ àê-
òîðîâ.
Çàäà÷è ïðî÷íîñòíîãî àíàëèçà êîíñòðóêöèé âêëþ÷àþò â ñåáÿ êàê ñîñòàâíóþ
÷àñòü è çàäà÷è äèíàìè÷åñêîãî àíàëèçà. Ê íèì, â ÷àñòíîñòè, îòíîñÿòñÿ çàäà÷è
î ñâîáîäíûõ êîëåáàíèÿõ íåíàãðóæåííûõ êîíñòðóêöèé è çàäà÷è î ñîáñòâåííûõ êî-
ëåáàíèÿõ êîíñòðóêöèé, íàõîäÿùèõñÿ â óñëîâèÿõ ïðåäâàðèòåëüíîãî ñòàòè÷åñêîãî
íàãðóæåíèÿ. Èç ýòèõ çàäà÷ â ìåõàíèêå ìíîãîñëîéíûõ êîíñòðóêöèé íàèáîëåå èñ-
ñëåäîâàííîé ÿâëÿåòñÿ çàäà÷à î ñâîáîäíûõ êîëåáàíèÿõ. Òàê æå, êàê è â çàäà÷àõ
óñòîé÷èâîñòè ýëåìåíòîâ êîíñòðóêöèé, íàõîäÿùèõñÿ â áåçìîìåíòíîì ñîñòîÿíèè,
â ìíîãîñëîéíûõ ýëåìåíòàõ ñèììåòðè÷íîãî ñòðîåíèÿ íàáëþäàþòñÿ äâå êëàññè÷å-
ñêèå îðìû ñâîáîäíûõ êîëåáàíèé (ñèíàçíàÿ è àíòèàçíàÿ), çàäà÷è äëÿ êîòîðûõ
ðàçäåëÿþòñÿ. Ïðè ýòîì ÷àñòîòà êîëåáàíèé ïî ñèíàçíûì îðìàì â ðåàëüíûõ ýëå-
ìåíòàõ êîíñòðóêöèé íàìíîãî áîëüøå ÷àñòîò, îòâå÷àþùèõ àíòèàçíûì îðìàì.
Òàê êàê íàèáîëüøèé ïðàêòè÷åñêèé èíòåðåñ ïðåäñòàâëÿþò íèçøèå ÷àñòîòû êîëåáà-
íèé, òî äëÿ èõ óòî÷íåííîãî îïðåäåëåíèÿ äîñòàòî÷íî ó÷åòà ïîïåðå÷íûõ ñäâèãîâ â
çàïîëíèòåëå. Â ñâÿçè ñ ýòèì èññëåäîâàòåëè ïðèøëè ê âûâîäó î íåöåëåñîîáðàçíî-
ñòè ó÷åòà ïîïåðå÷íîãî îáæàòèÿ çàïîëíèòåëÿ ïðè ïîñòàíîâêå è èññëåäîâàíèè çàäà÷
óêàçàííûõ âûøå êëàññîâ.
Èíàÿ ñèòóàöèÿ èìååò ìåñòî â ýòèõ çàäà÷àõ ïðè íàëè÷èè ïðåäâàðèòåëüíîãî
ñòàòè÷åñêîãî íàãðóæåíèÿ êîíñòðóêöèè. Åñëè òàêîå íàãðóæåíèå âûçûâàåò â íåé
áåçìîìåíòíîå ÍÄÑ (ðàâíûå â íåñóùèõ ñëîÿõ íà÷àëüíûå òàíãåíöèàëüíûå óñèëèÿ),
òî çàäà÷à îá èõ ñîáñòâåííûõ êîëåáàíèÿõ ïðèíöèïèàëüíî íå îòëè÷àåòñÿ îò çàäà÷è î
ñâîáîäíûõ êîëåáàíèÿõ. Åñëè æå íà÷àëüíîå ñîñòîÿíèå  ìîìåíòíîå (êàê è â çàäà÷àõ
ñòàòè÷åñêîé óñòîé÷èâîñòè), òî îò âèäà è óðîâíÿ óêàçàííîãî ÍÄÑ ïðèíöèïèàëüíî
áóäóò çàâèñåòü è îðìû ñîáñòâåííûõ êîëåáàíèé, ñîîòâåòñòâóþùèõ íèçøèì ÷àñòî-
òàì.
Ê íàñòîÿùåìó âðåìåíè ýòè âîïðîñû â íåêîòîðîé ñòåïåíè ðàññìàòðèâàëèñü â ìå-
õàíèêå òðåõñëîéíûõ êîíñòðóêöèé, à äëÿ ìíîãîñëîéíûõ êîíñòðóêöèé îáùåãî âèäà
îñòàâàëèñü ïðàêòè÷åñêè íåèçó÷åííûìè. Ñàìî ñîáîé ðàçóìååòñÿ, ïðè íàëè÷èè äè-
íàìè÷åñêîé ñîñòàâëÿþùåé íà÷àëüíîãî ÍÄÑ êîíñòðóêöèè, ÿâëÿþùåéñÿ ìîìåíò-
íîé, ñîîòâåòñòâóþùèå çàäà÷è î ïàðàìåòðè÷åñêèõ êîëåáàíèÿõ òðåáóþò ïðèâëå÷åíèÿ
óðàâíåíèé ñîîòâåòñòâóþùåé ñòåïåíè òî÷íîñòè. Ê íàñòîÿùåìó âðåìåíè èç ìåõàíèêè
ñëîèñòûõ ýëåìåíòîâ êîíñòðóêöèé èçâåñòíû ëèøü ïðîñòåéøèå, ïîñòðîåííûå áåç ó÷å-
òà ïîïåðå÷íûõ îáæàòèé çàïîëíèòåëÿ ñ îäíîâðåìåííûì ó÷åòîì ìîìåíòíîñòè ÍÄÑ.
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1. Óòî÷íåííûå óðàâíåíèÿ òåîðèè ïëàñòèí
ñ ó÷åòîì äåîðìàöèé ïîïåðå÷íûõ ñäâèãîâ è îáæàòèÿ
àññìàòðèâàåòñÿ ìíîãîñëîéíàÿ îáîëî÷êà ñ ÷åðåäóþùèìèñÿ æåñòêèìè ñëîÿìè,
êîòîðûå â äàëüíåéøåì èìåíóþòñÿ íåñóùèìè, è ìàëîæåñòêèìè ñëîÿìè, íàçûâàåìû-
ìè çàïîëíèòåëÿìè. Îáîçíà÷èì òåêóùèé íîìåð íåñóùåãî ñëîÿ ÷åðåç k = 1, 2, . . . , N ,
èíäåêñ, óêàçûâàþùèé íîìåð, çàêëþ÷èì â êðóãëûå ñêîáêè. Àíàëîãè÷íî ïðîíóìå-
ðóåì ðàñïîëîæåííûå ìåæäó íèìè ñëîè çàïîëíèòåëåé ÷åðåç k = 1, 2, . . . , N − 1 ,
à èõ íîìåðà áóäåì çàêëþ÷àòü â êâàäðàòíûå ñêîáêè. Çà áàçó ïàðàìåòðèçàöèè ïðè-
ìåì ñðåäèííóþ ïîâåðõíîñòü ïåðâîãî ñëîÿ çàïîëíèòåëÿ σ[1] = σ , ñ÷èòàÿ åå çàäàííîé
óðàâíåíèåì r = r(x1, x2) = r(xi) è îòíåñÿ ïðîñòðàíñòâî ýòîãî ñëîÿ ê ïîëóîðòîãî-
íàëüíîé ñèñòåìå êîîðäèíàò xi, z , íîðìàëüíî ñâÿçàííîé ñ ïîâåðõíîñòüþ σ ; ÷åðåç
ri = ∂r/∂x
i
è m îáîçíà÷èì îñíîâíûå áàçèñíûå âåêòîðû íà σ è âåêòîð åäèíè÷íîé
íîðìàëè ñîîòâåòñòâåííî. Â äàëüíåéøåì áóäåì ñ÷èòàòü, ÷òî èçìåíåíèåì ìåòðèêè
â íàïðàâëåíèè îñè z ìîæíî ïðåíåáðå÷ü, îòîæäåñòâëÿÿ òåì ñàìûì áàçèñíûå âåê-
òîðû äëÿ êàæäîãî íåñóùåãî ñëîÿ r
(k)
i = ∂r
(k)/∂xi è êàæäîãî ñëîÿ çàïîëíèòåëÿ
r
[k]
i = ∂r
[k]/∂xi ñ áàçèñíûìè âåêòîðàìè ri íà σ = σ[1] . Êðîìå òîãî, ââåäåì îáîçíà-
÷åíèÿ: z(k) , z[k]  êîîðäèíàòû ïî íîðìàëè m ê ñðåäèííûì ïîâåðõíîñòÿì σ(k) è
σ[k] êàæäîãî íåñóùåãî ñëîÿ è çàïîëíèòåëÿ; h(k) , h[k]  ñîîòâåòñòâóþùèå òîëùèíû
ñëîåâ, ïðè÷åì −h(k)/2 ≤ z(k) ≤ h(k)/2 , k = 1, 2, . . . , N , è −h[k]/2 ≤ z[k] ≤ h[k]/2 ,
k = 1, 2, . . . , N − 1 ; aij = ri rj , bij = −rim  êîâàðèàíòíûå êîìïîíåíòû ïåðâîãî
è âòîðîãî ìåòðè÷åñêèõ òåíçîðîâ íà σ , êîòîðûå â ñèëó ââåäåííîãî âûøå ïðåäïîëî-
æåíèÿ ÿâëÿþòñÿ íåèçìåííûìè ïðè ïåðåõîäå îò ñëîÿ ê ñëîþ.
Ïðåäïîëàãàåì, ÷òî îáîëî÷êà ÿâëÿåòñÿ òîíêîé è íåïîëîãîé, åå ãðàíè÷íûé ñðåç
ïðåäñòàâëÿåò ñîáîé ëèíåé÷àòóþ ïîâåðõíîñòü, îáðàçîâàííóþ äâèæåíèåì âåêòîðà m
âäîëü íåêîòîðîé ãëàäêîé êðèâîé C ∈ σ , à ÷åðåç n è τ îáîçíà÷èì åäèíè÷íûå
âåêòîðû íîðìàëè è êàñàòåëüíîé ê C , ñîñòàâëÿþùèå ñ âåêòîðîì m ïðàâîñòîðîííèé
òðèýäð â êàæäîé òî÷êå êðèâîé C .
Èçâåñòíûå â ëèòåðàòóðå âàðèàíòû òåîðèè ìíîãîñëîéíûõ ïëàñòèí è îáîëî÷åê îò-
ëè÷àþòñÿ äðóã îò äðóãà ãëàâíûì îáðàçîì ïðèíÿòûìè â íèõ ìîäåëÿìè çàïîëíèòåëÿ.
Ê íàñòîÿùåìó âðåìåíè äåòàëüíûé èõ àíàëèç áûë ïðîâåäåí ìíîãèìè àâòîðàìè, â
÷àñòíîñòè Õ.Ì. Ìóøòàðè [4, 5℄ è Â.Â. Áîëîòèíûì ([6℄ è äð.). Â ýòèõ ðàáîòàõ áûëî
ïîêàçàíî, ÷òî íåñóùèå ñëîè, êàê ïðàâèëî, óäîâëåòâîðèòåëüíî îïèñûâàþòñÿ êëàñ-
ñè÷åñêîé ìîäåëüþ Êèðõãîà Ëÿâà, è â íèõ äëÿ äåîðìàöèé ïîïåðå÷íûõ ñäâèãîâ
2 ε
z(k)
i3 è ïîïåðå÷íîãî îáæàòèÿ ε
z(k)
33 èìåþò ìåñòî îöåíêè
2 ε
z(k)
i3 ∼ η ε˜, ε
z(k)
33 ∼ η2 ε˜. (1.1)
Çäåñü ε˜  õàðàêòåðíàÿ òàíãåíöèàëüíàÿ äåîðìàöèÿ, òî åñòü ε
z[k]
ij ∼ ε˜ , à çà ïàðàìåòð
η â ñîîòâåòñòâèè ñ [6℄ ìîæíî âçÿòü ÷èñëî η , óäîâëåòâîðÿþùåå íåðàâåíñòâàì
h[k]
λ
≤ η ≤ H
λ
èëè
h(k)
λ
≤ η ≤ H
λ
, (1.2)
ãäå λ  îäèí èç õàðàêòåðíûõ ãåîìåòðè÷åñêèõ ðàçìåðîâ îáîëî÷êè èëè ìàñøòàá
èçìåíåíèÿ ÍÄÑ â íàïðàâëåíèÿõ x1 è x2 ; H  òîëùèíà îáîëî÷êè, îïðåäåëÿåìàÿ
ïî îðìóëå
H =
N∑
k=1
h(k) +
N−1∑
k=1
h[k] .
Õàðàêòåðíûå ìîäóëè óïðóãîñòè E[k] ïðè äåîðìàöèè â íàïðàâëåíèè xi , E
[k]
3 
â íàïðàâëåíèè z è ïîïåðå÷íîãî ñäâèãà G[k] â çàïîëíèòåëÿõ ñ õàðàêòåðíûì ìîäóëåì
170 Â.Í. ÏÀÉÌÓØÈÍ, Ò.Â. ÏÎËßÊÎÂÀ
óïðóãîñòè íåñóùåãî ñëîÿ E˜ ñâÿæåì çàâèñèìîñòÿìè
E[k] = ϕ[k] E˜, E
[k]
3 = ϕ
[k]
3 E˜, G[k] = ψ[k] E˜,
ãäå ϕ[k] , ϕ
[k]
3 , ψ[k]  íåêîòîðûå ïàðàìåòðû. Åñëè ýòè ïàðàìåòðû óäîâëåòâîðÿþò
óñëîâèÿì [6℄ (çäåñü è äàëåå èíäåêñ [k] îïóñêàåòñÿ, ε  íåêîòîðàÿ âåëè÷èíà, ïðåíå-
áðåæèìî ìàëàÿ ïî ñðàâíåíèþ ñ åäèíèöåé):
ϕ ≤ ε, η
2
ψ
≥ 1, η
4
ϕ3
≥ 1, (1.3)
òî çàïîëíèòåëè íàçûâàþòñÿ òðàíñâåðñàëüíî-ìÿãêèìè, â íèõ ïëîòíîñòü ïîòåíöè-
àëüíîé ýíåðãèè äåîðìàöèè U[k] âû÷èñëÿåòñÿ ïî îðìóëå
U[k] =
(
2 σi3[k] ε
z[k]
i3 + σ
33
[k] ε
z[k]
33
)/
2, (1.4)
÷òî ðàâíîñèëüíî ïðèíÿòèþ äîïóùåíèÿ σij[k] ≈ 0 . Â ñèëó ýòèõ äîïóùåíèé äëÿ çà-
ïîëíèòåëåé óðàâíåíèÿ äâèæåíèÿ ìîæíî çàïèñàòü â âèäå
∂σi3[k]
∂z[k]
− bis σs3[k] = ρ[k]
∂2U i[k]
∂t2
,
∂σ33[k]
∂z[k]
+∇i σi3[k] = ρ[k]
∂2U3[k]
∂t2
,
(1.5)
ãäå ÷åðåç ∇i îáîçíà÷åí ñèìâîë êîâàðèàíòíîãî äèåðåíöèðîâàíèÿ ïî ìåòðèêå
aik = ri rk ; U
i
[k] , U
3
[k]  òàíãåíöèàëüíûå ïåðåìåùåíèÿ è ïðîãèáû; ρ[k]  ïëîòíîñòü
k -ãî ñëîÿ çàïîëíèòåëÿ; t  âðåìÿ.
Åñëè â ñîîòâåòñòâèè ñ [6℄ ïðèíÿòü
∂
∂z
∼ 1
H
, ∇i ∼ ∂
∂xi
∼ 1
λ
, (1.6)
òî â ñèëó ñîîòíîøåíèÿ δis −Hbis ∼ δis ïåðâîå óðàâíåíèå â (1.5) äîïóñêàåò óïðîùåí-
íóþ çàïèñü
∂σi3[k]
∂z[k]
= ρ[k]
∂2U i[k]
∂t2
. (1.7)
Êðîìå òîãî, äëÿ òðàíñâåðñàëüíî-ìÿãêèõ çàïîëíèòåëåé ïî àíàëîãèè ñ [6℄ ìîæíî
óñòàíîâèòü îöåíêè
∂σi3[k]
∂z[k]
∼ G[k]
H2
(
U i[k] +
H
λ
U3[k]
)
,
∂σ33[k]
∂z[k]
∼
E
[k]
3 U
3
[k]
H2
, (1.8)
à ïðè ñâîáîäíûõ êîëåáàíèÿõ ñ ÷àñòîòîé ω  îöåíêè
ρ[k]
∂2U i[k]
∂t2
∼ ρ[k] ω2 U i[k], ρ[k]
∂2U3[k]
∂t2
∼ ρ[k] ω2U3[k]. (1.9)
Èç (1.8) è (1.9) ñëåäóåò, ÷òî ïðè ÷àñòîòàõ êîëåáàíèé
ω2 ≪ G[k]
ρ[k]H2
, ω2 ≪ E
[k]
3
ρ[k]H2
(1.10)
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óðàâíåíèÿ (1.7) è âòîðîå óðàâíåíèå â (1.5) äîïóñêàþò óïðîùåííîå ïðåäñòàâëåíèå
∂σi3[k]
∂z[k]
= 0,
∂σ33[k]
∂z[k]
+∇i σi3[k] = 0, (1.11)
èíòåãðàëû êîòîðûõ ïðèâîäÿòñÿ ê âèäó
σi3[k] = q
i
[k]
(
x1, x2, t
)
, (1.12)
∂σ33[k]
∂z[k]
+∇i qi[k] = 0. (1.13)
Â ñèëó ïðèíÿòûõ îöåíîê (1.6) èç óðàâíåíèÿ (1.13) ñëåäóåò, ÷òî
σ33[k] +
qi[k]H
λ
= 0. (1.14)
Òàê êàê â çàïîëíèòåëÿõ σ33[k] ∼ σi3[k] , òî â çàâèñèìîñòè îò âåëè÷èíû λ âîçìîæíî
ðàññìîòðåíèå ñëåäóþùèõ îñíîâíûõ âèäîâ ÍÄÑ.
1. Ñëó÷àé ìàëîé èçìåíÿåìîñòè êàñàòåëüíûõ íàïðÿæåíèé âäîëü êîîðäèíàò xi ,
èìåþùèé ìåñòî ïðè íèçêî÷àñòîòíûõ îðìàõ êîëåáàíèé íåñóùèõ ñëîåâ ñ îáðàçîâà-
íèåì äëèííûõ âîëí, êîãäà λ ∼ L (L  õàðàêòåðíûé ðàçìåð îáîëî÷êè) è
H/L ∼ ε≪ 1. (1.15)
Ïðè âûïîëíåíèè (1.15) â óðàâíåíèè (1.13) ìîæíî ïðåíåáðå÷ü âòîðûì ñëàãàåìûì,
è ïîýòîìó
σ33[k] = q
3
[k]
(
x1, x2, t
)
. (1.16)
Çàìåòèì, ÷òî ïðè âûïîëíåíèè (1.15) âîçìîæíî è áîëåå ñèëüíîå óïðîùåíèå çàäà÷è,
òàê êàê ïðè ýòîì ñîãëàñíî (1.14) σ33[k] + εσ
i3
[k] ∼ 0 , îòêóäà ñëåäóåò σ33[k] = 0 . Ïðèíÿ-
òèå òàêîãî äîïóùåíèÿ ñ ó÷åòîì èñõîäíûõ äîïóùåíèé σij[k] = 0 ïðèâîäèò ê ìîäåëè
ìÿãêèõ çàïîëíèòåëåé [6℄.
2. Ñëó÷àé ñðåäíåé èçìåíÿåìîñòè êàñàòåëüíûõ íàïðÿæåíèé âäîëü xi , êîãäà äëè-
íà ïîëóâîëí è òîëùèíà îáîëî÷êè íàõîäÿòñÿ â ñîîòíîøåíèè
H2/L2 ∼ ε≪ 1. (1.17)
Ïðè ðåàëèçàöèè â çàïîëíèòåëå ÍÄÑ ñ ìàñøòàáîì èçìåíåíèÿ (1.17) â óðàâíåíèè
(1.13) îáà ñëàãàåìûõ ñ òî÷íîñòüþ O(ε) ÿâëÿþòñÿ ðàâíîçíà÷íûìè, ýòî óðàâíåíèå
íå äîïóñêàåò óïðîùåíèÿ âèäà (1.16).
3. Ñëó÷àé áîëüøîé èçìåíÿåìîñòè êàñàòåëüíûõ íàïðÿæåíèé âäîëü îñè xi , èìå-
þùèé ìåñòî ïðè âûñîêî÷àñòîòíûõ îðìàõ êîëåáàíèé, êîãäà äëèíà ïîëóâîëíû λ
ñîèçìåðèìà ñ òîëùèíîé îáîëî÷êè
H/L ∼ 1. (1.18)
Â ýòîì ñëó÷àå äëÿ îïèñàíèÿ äèíàìè÷åñêèõ ïðîöåññîâ äåîðìèðîâàíèÿ â çàïîëíè-
òåëÿõ òðåáóåòñÿ èñïîëüçîâàòü íåóïðîùåííóþ ñèñòåìó óðàâíåíèé (1.5).
Åñëè äëÿ îïèñàíèÿ ìåõàíèêè äåîðìèðîâàíèÿ íåñóùèõ ñëîåâ èñïîëüçîâàòü ãè-
ïîòåçû êëàññè÷åñêîé òåîðèè Êèðõãîà Ëÿâà, òî ïðè ñëàáîì è ñðåäíåì èçãèáàõ
îáîëî÷êè âåêòîðû ïåðåìåùåíèé è êîìïîíåíòû òåíçîðîâ òàíãåíöèàëüíûõ äåîðìà-
öèé â íåñóùèõ ñëîÿõ áóäóò îïðåäåëÿòüñÿ ïî îðìóëàì [7℄
U
z(k) = u
(k)
i r
i + w(k)m− z(k)ω(k)i ri, ω(k)i = ∇iw(k) + u(k)j bji , (1.19)
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ε
z(k)
ij = ε
(k)
ij + z(k)χ
(k)
ij , (1.20)
ãäå ε
(k)
ij , χ
(k)
ij  êîâàðèàíòíûå êîìïîíåíòû òåíçîðîâ òàíãåíöèàëüíûõ äåîðìàöèé
è èñêðèâëåíèé ïîâåðõíîñòåé σ(k) , äëÿ êîòîðûõ èìåþò ìåñòî ñîîòíîøåíèÿ
2 ε
(k)
ij = e
(k)
ij + e
(k)
ji + ω
(k)
i ω
(k)
j , e
(k)
ij = ∇iu(k)j − bijw(k),
2χ
(k)
ij = −∇iω(k)j −∇jω(k)i .
(1.21)
Äëÿ ïðèíÿòîé ñòåïåíè òî÷íîñòè σij[k] ≈ 0 è δji − z[k]bji ≈ δji ñîîòíîøåíèÿ óïðó-
ãîñòè äëÿ íàïðÿæåíèé σ33[k] â ëèíåéíîì ïðèáëèæåíèè ìîæíî çàïèñàòü â âèäå
σ33[k] = E
[k]
3 ε
z[k]
33 = E
[k]
3
∂U
[k]
3
∂z[k]
. (1.22)
Ïîñëå èõ ïîäñòàíîâêè â óðàâíåíèÿ (1.13) è èíòåãðèðîâàíèÿ ïî z[k] íàõîäèì
U
[k]
3 =W
[k]
1 + z[k]W
[k]
2 −
z2[k]
2E
[k]
3
∇iqi[k], (1.23)
ãäå W
[k]
1 , W
[k]
2  óíêöèè èíòåãðèðîâàíèÿ, çàâèñÿùèå îò êîîðäèíàò x
1
, x2 è âðå-
ìåíè t . Îïðåäåëÿÿ èõ, èñõîäÿ èç êèíåìàòè÷åñêèõ óñëîâèé ñîïðÿæåíèÿ ñ íåñóùèìè
ñëîÿìè
U
[k]
3
(
z[k] = −h[k]/2
)
= w(k), U
[k]
3
(
z[k] = h[k]/2
)
= w(k+1),
âûðàæåíèÿ (1.23) äëÿ ïðîãèáîâ â çàïîëíèòåëÿõ ïðèâîäèì ê âèäó
U
[k]
3 =
w(k) + w(k+1)
2
+ z[k]
w(k+1) − w(k)
h[k]
−
−
∇i qi[k]
2E
[k]
3
(
z2[k] −
h2[k]
4
)
, k = 1, 2, . . . , N − 1. (1.24)
Äëÿ âûÿâëåíèÿ â çàïîëíèòåëÿõ çàêîíà èçìåíåíèÿ òàíãåíöèàëüíûõ êîìïîíåíò
ïåðåìåùåíèé ïî z[k] îáðàòèìñÿ ê ñîîòíîøåíèÿì óïðóãîñòè äëÿ σ
i3
[k] , êîòîðûå â
ëèíåéíîì ïðèáëèæåíèè â ðàìêàõ ïðèíÿòîé ñòåïåíè òî÷íîñòè ìîæíî ïðåäñòàâèòü â
ñëåäóþùåé ïðèáëèæåííîé îðìå (Ais[k]  äâóõâàëåíòíûé òåíçîð ñäâèãîâûõ óïðóãèõ
êîíñòàíò):
σi3[k] = q
i
[k] = 2A
is
[k]ε
z[k]
s3 = A
is
[k]
[
∂U
[k]
s
∂z[k]
+∇s U [k]3
]
, (1.25)
ñïðàâåäëèâîé êàê ïðè ñëàáîì, òàê è ïðè ñðåäíåì èçãèáàõ. Ïîñëå ïîäñòàíîâêè ñî-
îòíîøåíèé (1.24) â ñîîòíîøåíèÿ (1.25) ïîëó÷èì äèåðåíöèàëüíîå óðàâíåíèå
∂U
[k]
i
∂z[k]
= d
[k]
is q
s
[k] −
ω
(k)
i + ω
(k+1)
i
2
− z[k]
h[k]
(
ω
(k+1)
i − ω(k)i
)
+
4z2[k] − h2[k]
8E
[k]
3
∇i∇sqs[k], (1.26)
â êîòîðîì ñ ïðèíÿòîé ñòåïåíüþ òî÷íîñòè âûðàæåíèÿ ∇iw(k) çàìåíåíû íà ω(k)i ,
à ÷åðåç d
[k]
is îáîçíà÷åí äâóõâàëåíòíûé òåíçîð ïîäàòëèâîñòè çàïîëíèòåëÿ íà ïîïå-
ðå÷íûé ñäâèã. Èíòåãðèðóÿ (1.26) ïî z[k] , ïîëó÷èì
U
[k]
i = u
[k]
i + z[k]d
[k]
is q
s
[k] − z[k]
ω
(k)
i + ω
(k+1)
i
2
−
−
z2[k]
2h[k]
(
w
(k+1)
i − w(k)i
)
+
∇i∇sqs[k]
8E
[k]
3
(4
3
z3[k] − h2[k]z[k]
)
, (1.27)
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ãäå u
[k]
i  íåèçâåñòíûå äâóìåðíûå óíêöèè. Äëÿ èõ îïðåäåëåíèÿ ïîëó÷åííûå ñî-
îòíîøåíèÿ (1.27) íåîáõîäèìî ïîä÷èíèòü óñëîâèÿì ñîïðÿæåíèÿ ïî òàíãåíöèàëüíûì
ïåðåìåùåíèÿì
u
(k)
i −
h(k)
2
ω
(k)
i = U
(k)
i
(
− h[k]
2
, x1, x2, t
)
,
u
(k+1)
i +
h(k+1)
2
ω
(k+1)
i = U
(k)
i
(h[k]
2
, x1, x2, t
)
,
(1.28)
èç êîòîðûõ ñëåäóþò çàâèñèìîñòè
µ
(k)
i = u
(k)
i − u(k+1)i −
h(k) + h[k]
2
ω
(k)
i −
− h(k+1) + h[k]
2
ω
(k+1)
i + h[k]d
[k]
is q
s
[k] −
h3[k]
12E
[k]
3
∇i∇jqj[k], (1.29)
u
[k]
i =
u
(k)
i + u
(k+1)
i
2
−
(
h(k)
4
+
h[k]
8
)
ω
(k)
i +
(
h(k+1)
4
+
h[k]
8
)
, ω
(k+1)
i . (1.30)
Óðàâíåíèÿ ñòàòè÷åñêîãî ðàâíîâåñèÿ. Â ðàìêàõ ðàññìàòðèâàåìîé ìîäåëè çà-
ïîëíèòåëåé áóäåì ñ÷èòàòü íàãðóæåííûìè âíåøíèìè ñèëàìè ëèøü íåñóùèå ñëîè
ìíîãîñëîéíîé îáîëî÷êè, ââåäÿ â ðàññìîòðåíèå âåêòîðû çàäàííûõ óñèëèé è ìîìåí-
òîâ
Φ
(k) = Φ(k)n n+Φ
(k)
nτ τ +Φ
(k)
m m, L
(k) = L(k)nτ n+ L
(k)
n τ, k = 1, 2, . . . , N.
ïðèëîæåííûõ ê ãðàíè÷íûì ëèíèÿì C(k) ñðåäèííûõ ïîâåðõíîñòåé âíåøíèõ ñëîåâ
σ(k) , à òàêæå âåêòîðû âíåøíèõ ïîâåðõíîñòíûõ óñèëèé è ìîìåíòîâ
X(k) = X
i
(k) ri +X
3
(k)m, M(k) =M
i
(k)ri,
ïðèëîæåííûõ â òî÷êàõ ïîâåðõíîñòåé σ(k) . Âàðèàöèÿ ðàáîòû ýòèõ ñèë íà ñîîòâåò-
ñòâóþùèõ ïåðåìåùåíèÿõ áóäåò ðàâíà
δA =
N∑
k=1
{∫
C
[
Φ(k)n δu
(k)
n +Φ
(k)
nτ δu
(k)
τ +Φ
(k)
m δw
(k) + L(k)nτ δω
(k)
τ −
− L(k)n δω(k)n
]
ds+
∫∫
σ
[
X i(k)δu
(k)
i +X
3
(k)δw
(k) −M i(k)δω(k)i
]
dσ
}
, (1.31)
à âàðèàöèÿ ïîòåíöèàëüíîé ýíåðãèè äåîðìàöèè îáîëî÷êè áóäåò âû÷èñëÿòüñÿ ïî
îðìóëå
δU =
N−1∑
k=1
∫∫
σ
h[k]/2∫
−h[k]/2
(
2σi3[k]δε
z[k]
i3 + σ
33
[k]δε
z[k]
33
)
dσ dz[k] +
+
N∑
k=1
∫∫
σ
h(k)/2∫
−h(k)/2
σij(k)δε
z(k)
ij dσ dz(k) =
N∑
k=1
∫∫
σ
(
T ij(k)δε
(k)
ij +M
ij
(k)δχ
(k)
ij
)
dσ +
+
N−1∑
k=1
∫∫
σ
[
c
[k]
is q
s
[k]δq
i
[k] + c
[k]
3
(
w(k+1) − w(k))δ(w(k+1) − w(k)) +
+
h3[k]
12
∇sqs[k]∇iδqi[k]
]
dσ, c
[k]
is = h[k]d
[k]
is , c
[k]
3 =
E
[k]
3
h[k]
, (1.32)
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ïîëó÷åííîé ñ ïîìîùüþ ïðåîáðàçîâàíèé
2σi3[k]δε
z[k]
i3 = d
[k]
is q
s
[k]δq
i
[k], σ
33
[k]δε
z[k]
33 = E
[k]
3 ε
z[k]
33 δε
z[k]
33
ñ èñïîëüçîâàíèåì ñîîòíîøåíèé (1.22), (1.24) è îáîçíà÷åíèé
ω(k)n = ω
(k)
i n
i, ω(k)τ = ω
(k)
i τ
i, u(k)n = u
(k)
i n
i, u(k)τ = u
(k)
i τ
i,
T ij(k) =
h(k)/2∫
−h(k)/2
σij(k) dz(k), M
ij
(k) =
h(k)/2∫
−h(k)/2
σij(k) z(k) dz(k),
ãäå ni = nri , τ i = τri  êîíòðàâàðèàíòíûå êîìïîíåíòû âåêòîðîâ n , τ îòíîñè-
òåëüíî áàçèñíûõ âåêòîðîâ r
i
; ds  ýëåìåíò äëèíû êîíòóðíîé ëèíèè C .
Åñëè ïîëó÷åííûå êèíåìàòè÷åñêèå ñîîòíîøåíèÿ (1.19), (1.27) íå ïîä÷èíåíû
óñëîâèÿì ñîïðÿæåíèÿ íåñóùèõ ñëîåâ ñ çàïîëíèòåëÿìè (1.28), òî äëÿ âûâîäà íåîá-
õîäèìîãî êîìïëåêñà îñíîâíûõ óðàâíåíèé, îïèñûâàþùèõ ñòàòè÷åñêîå ðàâíîâåñèå
îáîëî÷êè, â ñîîòâåòñòâèè ñ ðàáîòàìè [810℄ è äð. äîëæíî áûòü ñîñòàâëåíî îáîá-
ùåííîå âàðèàöèîííîå óðàâíåíèå âèäà
δI = δIq + δA− δU = 0, (1.33)
ãäå
δIq =
N−1∑
k=1
δ
∫∫
σ
qi[k]
[
u
(k)
i − u(k+1)i −
h(k) ω
(k)
i
2
− h(k+1) ω
(k+1)
i
2
+
+ U
[k]
i
(
z[k] = h[k]/2
)− U [k]i (z[k] = −h[k]/2)]dσ. (1.34)
Âõîäÿùàÿ â (1.34) ðàçíîñòü äëÿ U
[k]
i îïðåäåëÿåòñÿ ïóòåì èíòåãðèðîâàíèÿ (1.26) ïî
z[k] îò −h[k]/2 äî h[k]/2 :
U
[k]
i
(
z[k] = h[k]/2
)− U [k]i (z[k] = −h[k]/2) =
= c
[k]
is q
s
[k] −
h[k]
2
(
ω
(k+1)
i + ω
(k)
i
)
−
h3[k]
12
∇i∇sqs[k]. (1.35)
Âíåñÿ ñ ó÷åòîì (1.35) âûðàæåíèÿ (1.31), (1.32), (1.34) â (1.33) è ïðîâåäÿ òðàäè-
öèîííûå ïðåîáðàçîâàíèÿ, ïîëó÷èì óðàâíåíèå
δIq = −
N∑
k=1
(
L(k)nτ −M (k)nτ
)
δw(k)
∣∣∣
C
−
∫
C
{ N∑
k=1
[(
Φ(k)n − T (k)n
)
δu(k)n +
+
(
Φ(k)nτ − T (k)nτ
)
δu(k)τ +
(
Φ(k)m −
dL
(k)
nτ
ds
− Si(k) ni +
dM
(k)
nτ
ds
)
δw(k) −
− (L(k)n −M (k)n )δω(k)n ]− N−1∑
k=1
h[k]
12E
[k]
3
qi[k]ni∇s δqs[k]
}
ds−
−
∫∫
σ
{ N∑
k=1
[(∇iT ij(k) − Si(k)bji + X˜j(k))δu(k)j + (∇iSi(k) + T ij(k)bij+
+ X˜3(k)
)
δw(k)
]
+
N−1∑
k=1
µ
[k]
i δq
i
[k]
}
dσ = 0. (1.36)
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Çäåñü ââåäåíû îáîçíà÷åíèÿ
T (k)n = T
ij
(k)ninj , T
(k)
nτ = T
ij
(k)niτj , M
(k)
n =M
ij
(k)ni nj , M
(k)
nτ = −M ij(k)niτj ,
X˜ i(k) = X
i
(k) + q
i
[k] − qi[k−1],
X˜3(k) = X
3
(k) −
E
[k−1]
3
h[k−1]
(
w(k) − w(k−1)
)
+
E
[k]
3
h[k]
(
w(k+1) − w(k)
)
,
Si(k) = ∇jM ji(k) + T ij(k)ω
(k)
j +M
i
(k) +
h(k) + h[k−1]
2
qi[k−1] +
h(k) + h[k]
2
qi[k],
(1.37)
ãäå k = 1, 2, . . . , N , h[0] = q
i
[0] = h[N ] = q
i
[N ] = 0 . Â ñèëó ïðîèçâîëüíîñòè âàðèàöèé
ïåðåìåùåíèé δu
(k)
i , δw
(k)
è ïîïåðå÷íûõ êàñàòåëüíûõ íàïðÿæåíèé δqi[k] èç âàðèà-
öèîííîãî óðàâíåíèÿ (1.36) ñëåäóþò 3N äèåðåíöèàëüíûõ óðàâíåíèé ðàâíîâåñèÿ
íåñóùèõ ñëîåâ
f i(k) = ∇jT ij(k) − Sj(k)bij + X˜ i(k) = 0, f3(k) = ∇iSi(k) + T ij(k)bij + X˜3(k) = 0 (1.38)
è 2(N − 1) äèåðåíöèàëüíûõ óðàâíåíèé âèäà
µ
[k]
i = 0, k = 1, 2, . . . , N − 1, (1.39)
ïðåäñòàâëÿþùèõ ñîáîé óñëîâèÿ êèíåìàòè÷åñêîãî ñîïðÿæåíèÿ íåñóùèõ ñëîåâ ñ çà-
ïîëíèòåëÿìè ïî òàíãåíöèàëüíûì ïåðåìåùåíèÿì. Äëÿ ïîëó÷åííûõ óðàâíåíèé íà
êîíòóðå C îðìóëèðóþòñÿ ãðàíè÷íûå óñëîâèÿ
T (k)n = Φ
(k)
n ïðè δu
(k)
n 6= 0, T (k)nτ = Φ(k)nτ ïðè δu(k)τ 6= 0,
M (k)n = L
(k)
n ïðè δω
(k)
n 6= 0,
Si(k)ni −
dM
(k)
nτ
ds
= Φ(k)m −
dL
(k)
nτ
ds
ïðè δw(k) 6= 0, k = 1, 2, . . . , N,
(1.40)
qi[k]ni = 0 ïðè δ∇sqs[k] 6= 0, k = 1, 2, . . . , N − 1. (1.41)
2. Óðàâíåíèÿ äâèæåíèÿ
Äëÿ âûâîäà óðàâíåíèé äâèæåíèÿ â ðàìêàõ ïðèíÿòîé ìîäåëè çàïîëíèòåëÿ íåîá-
õîäèìî èñïîëüçîâàòü âàðèàöèîííîå óðàâíåíèå îáîáùåííîãî âàðèàöèîííîãî ïðèí-
öèïà àìèëüòîíà Îñòðîãðàäñêîãî (ñì. [1113℄ è äð.)
δL =
t∫
t0
(
δK − δU + δA+ δIq
)
dt, (2.1)
ãäå δK  âàðèàöèÿ êèíåòè÷åñêîé ýíåðãèè, âû÷èñëÿåìàÿ ïî îðìóëå
δK=−
N∑
k=1
∫∫
σ
h(k)/2∫
−h(k)/2
ρ(k)U¨
α
(k)δU
(k)
α dσdz(k)−
N−1∑
k=1
∫∫
σ
h[k]/2∫
−h[k]/2
ρ[k]U¨
α
[k]δU
[k]
α dσdz[k], (2.2)
ãäå ρ(k) , ρ[k]  ïëîòíîñòè ìàòåðèàëîâ íåñóùèõ ñëîåâ è çàïîëíèòåëåé, à òî÷êà íàä
óíêöèåé îçíà÷àåò ïðîèçâîäíóþ ïî âðåìåíè t .
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Êàê âèäíî èç âûðàæåíèé (1.24) è (1.27), âõîäÿùèå â íèõ ñëàãàåìûå âíîñÿò
ðàçíûé âêëàä â êèíåòè÷åñêóþ ýíåðãèþ îáîëî÷êè. Äëÿ èõ óïðîùåíèÿ ââåäåì ïðåä-
ïîëîæåíèå î òîì, ÷òî èìåþò ìåñòî îöåíêè
ρ˜ ∼ ρ[k]
ρ(k)
∼ √ε, h˜
λ
∼ 4√ε, ε≪ 1, (2.3)
ãäå h˜  õàðàêòåðíàÿ òîëùèíà íåñóùåãî ñëîÿ èëè çàïîëíèòåëÿ. Êàê óñòàíîâëåíî â
ðàáîòå [14℄, ïðè âûïîëíåíèè îöåíîê (2.3) äëÿ âû÷èñëåíèÿ δK âûðàæåíèÿ (1.24),
(1.27) äîïóñòèìî èñïîëüçîâàòü â óïðîùåííîì âèäå
U
[k]
3 =
w(k) + w(k+1)
2
+ z[k]
w(k+1) − w(k)
h[k]
,
U
[k]
i = u
[k]
i + z[k]d
[k]
is q
is
[k] − z[k]
ω
(k)
i + ω
(k+1)
i
2
+
z2[k]
2h[k]
(
ω
(k+1)
i − ω(k)i
)
.
(2.4)
Ïðè èõ èñïîëüçîâàíèè âûðàæåíèå (2.2) ïðåîáðàçóåòñÿ ê âèäó
δK = −
∫∫
σ
[(
Q¨i(k) δu
(k)
i + Q¨
3
(k)δw
(k) + G¨ i(k)δω
(k)
i
)
+
N∑
k=1
µ¨
[k]
j δq
j
[k]
]
dσ. (2.5)
Çäåñü ââåäåíû ñëåäóþùèå îáîçíà÷åíèÿ äëÿ èíåðöèîííûõ ñèë è ìîìåíòîâ
Q¨ i(k) =
ρ[k−1] h[k−1]
4
u¨
(k−1)
i +
(
ρ(k)h(k) +
ρ[k−1]h[k−1] + ρ[k]h[k]
4
)
u¨
(k)
i +
+
ρ[k]h[k]
4
u¨
(k+1)
i −
ρ[k−1]h[k−1]
8
(
h(k−1) −
13h[k−1]
6
)
ω¨
(k−1)
i +
+
[ρ[k−1]h[k−1]
8
(
h(k) −
13h[k−1]
6
)
− ρ[k]h[k]
8
(
h(k) −
13h[k]
6
)]
ω¨
(k)
i +
+
ρ[k]h[k]
8
(
h(k+1) −
13h[k]
6
)
ω¨
(k+1)
i ,
Q¨ 3(k) = ρ(k)h(k)w¨
(k) +
ρ[k−1]h[k−1]
6
w¨(k−1)+
+
ρ[k−1]h[k−1] + ρ[k]h[k]
3
w¨(k) +
ρ[k]h[k]
6
w¨(k+1),
(2.6)
G¨ i(k) =
ρ[k−1]h[k−1]
8
(
h(k) +
h[k−1]
3
)
u¨
(k−1)
i +
[ρ[k−1]h[k−1]
8
(
h(k) +
h[k−1]
3
)
−
− ρ[k]h[k]
8
(
h(k) +
h[k]
3
)]
u¨
(k)
i −
ρ[k] h[k]
8
(
h(k) +
h[k]
3
)
u¨
(k+1)
i +
+ ρ[k−1]
[
− h[k−1]
16
(
h(k) +
h[k−1]
3
)(
h(k−1) +
h[k−1]
2
)
+
+
h2[k−1]
12
(
h(k) +
9h[k−1]
16
)]
ω¨
(k−1)
i +
+
{
ρ(k)
h3(k)
12
+ ρ[k−1]
[h[k−1]
16
(
h(k) +
h[k−1]
3
)(
h(k) +
h[k−1]
2
)
−
(2.7)
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−
h2[k−1]
12
(
h(k) +
h[k−1]
8
)]
+ ρ[k]
[h[k]
16
(
h(k) +
h[k]
3
)(
h(k) +
h[k]
2
)
−
−
h2[k]
12
(
h(k) +
h[k]
8
)]}
ω¨
(k)
i + ρ[k]
[
− h[k]
16
(
h(k) +
h[k]
3
)(
h(k+1) +
h[k]
2
)
+
+
h2[k]
12
(
h(k) +
9 h[k]
16
)]
ω¨
(k+1)
i − ρ[k]
h3(k)
24
d i[k]s q¨
s
[k], k = 1, 2, . . . , N,
â êîòîðûõ íåîáõîäèìî ïîëîæèòü ρ[0] = h[0] = ρ[N ] = h[N ] = 0 , à
µ¨
[k]
j = ρ[k]
h3[k]d
[k]
ij
12
(
d i[k]s q¨
s
[k] −
ω¨
(k)
i + ω¨
(k+1)
i
2
)
, k = 1, 2, . . . , N − 1. (2.8)
Ó÷èòûâàÿ âûðàæåíèÿ (1.31), (1.32), (1.34), (2.5) è ïðîâåäåííûå â (1.36) ïðåîáðàçî-
âàíèÿ, èç (2.1) ïîëó÷àåì óðàâíåíèÿ äâèæåíèÿ íåñóùèõ ñëîåâ
f˜ i(k) = f
i
(k) − Q¨ i(k) = ∇j T ij(k) − b ij S˜ j(k) + X˜ i(k) − Q¨ i(k) = 0,
f˜ 3(k) = f
3
(k) − Q¨ 3(k) = ∇iS˜ i(k) + T ij(k)bij + X˜ 3(k) − Q¨ 3(k) = 0,
(2.9)
ãäå
S˜ i(k) = S
i
(k) + G¨
i
(k), (2.10)
à òàêæå óðàâíåíèÿ
µ
[k]
i − µ¨[k]i = 0, (2.11)
îòëè÷àþùèåñÿ îò óñëîâèé (1.29) êèíåìàòè÷åñêîãî ñîïðÿæåíèÿ ñëîåâ ïî òàíãåíöè-
àëüíûì ïåðåìåùåíèÿì, èìåþùèõ ìåñòî ïðè ñòàòè÷åñêîì íàãðóæåíèè îáîëî÷êè.
Íàëè÷èå â óðàâíåíèÿõ (2.11) âòîðûõ ñëàãàåìûõ îáúÿñíÿåòñÿ òåì, ÷òî âûðàæåíèÿ
(1.24) è (1.27), ïîëó÷åííûå íà îñíîâå óðàâíåíèé (1.12), (1.13), íå óäîâëåòâîðÿþò
óðàâíåíèÿì äâèæåíèÿ (1.7) è ïîñëåäíèì óðàâíåíèÿì (1.5). Òåì íå ìåíåå, êàê ïîêà-
çàëè èññëåäîâàíèÿ [1517℄, èñïîëüçîâàíèå óðàâíåíèé (2.11) âìåñòî óðàâíåíèé (1.29)
ÿâëÿåòñÿ áîëåå êîððåêòíûì è ïðèâîäèò ê âûÿâëåíèþ òàêèõ âûñîêî÷àñòîòíûõ îðì
êîëåáàíèé, êîòîðûå ïîëó÷àþòñÿ òàêæå è íà îñíîâå ðåøåíèÿ íåóïðîùåííûõ óðàâ-
íåíèé òåîðèè óïðóãîñòè.
Íà êîíòóðå C äëÿ óðàâíåíèé (2.9), (2.11) ãðàíè÷íûå óñëîâèÿ îðìèðóþòñÿ
â òîì æå âèäå (1.40), (1.41), ÷òî è äëÿ óðàâíåíèé (1.38), (1.39).
3. Ìàëûå ñâîáîäíûå êîëåáàíèÿ ìíîãîñëîéíîé ïëàñòèíû
ñ íóëåâîé èçìåíÿåìîñòüþ óíêöèé â òàíãåíöèàëüíûõ
íàïðàâëåíèÿõ è áåç äåîðìàöèé íåñóùèõ ñëîåâ
Â ìíîãîñëîéíûõ ïëàñòèíàõ â ñèëó ïîäàòëèâîñòè çàïîëíèòåëåé íà äåîðìàöèè
ïîïåðå÷íûõ ñäâèãîâ è îáæàòèå âîçìîæíà ðåàëèçàöèÿ òàêèõ îðì ñâîáîäíûõ êîëå-
áàíèé, êîòîðûå õàðàêòåðèçóþòñÿ ïëîñêîïàðàëëåëüíûì äâèæåíèåì íåñóùèõ ñëîåâ
îòíîñèòåëüíî äðóã äðóãà áåç äåîðìàöèé è èñêðèâëåíèé â íàïðàâëåíèÿõ x1 , x2 .
Òàêèå îðìû êîëåáàíèé â òðåõñëîéíûõ ïëàñòèíàõ áûëè èññëåäîâàíû, â ÷àñòíîñòè,
â ðàáîòàõ [1518℄, â êîòîðûõ óñòàíîâëåíî, ÷òî ñîîòâåòñòâóþùèå èì ÷àñòîòû ÿâëÿ-
þòñÿ íàèíèçøèìè èç ÷àñòîò àíòèàçíûõ îðì êîëåáàíèé, ñâÿçàííûõ ñ èçãèáîì
íåñóùèõ ñëîåâ.
Åñëè íåñóùèå ñëîè è çàïîëíèòåëè èìåþò îäèíàêîâûå òîëùèíû h(k) = hb
è h[k] = h , ρ[k]/ρ(k) ≈ 0 , òî óðàâíåíèÿ, îïèñûâàþùèå íåêîòîðûå èç óêàçàííûõ
îðì êîëåáàíèé, ìîãóò áûòü âûâåäåíû èç ïîëó÷åííûõ íàìè âûøå, åñëè â íèõ îò-
áðîñèòü âñå ñëàãàåìûå, ñîäåðæàùèå ïðîèçâîäíûå âñåõ ïîðÿäêîâ ïî êîîðäèíàòàì
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xi îò óíêöèé u
(k)
i , w
(k)
è q i[k] . Åñëè êîîðäèíàòû x
i
ÿâëÿþòñÿ îðòîãîíàëüíûìè
è ÷åðåç Gi3 , E
[k]
i = E3 îáîçíà÷èòü ìîäóëè ïîïåðå÷íûõ ñäâèãîâ è ïîïåðå÷íîãî îá-
æàòèÿ çàïîëíèòåëåé, ïðè÷åì â ðàññìàòðèâàåìîì ñëó÷àå d
[k]
ii = 1/Gi3 , d
[k]
12 = 0 ,
òî ïðè ρ(k) = ρ óêàçàííûå îðìû ñâîáîäíûõ êîëåáàíèé, ñîâåðøàþùèõñÿ â íà-
ïðàâëåíèè xi , â ïðåäïîëîæåíèè ρ[k] ≈ 0 áóäóò îïèñûâàòüñÿ ñèñòåìàìè óðàâíåíèé
âèäà
q i[1] = ρbhbu¨
i
(1), q
i
[k] − q i[k−1] = ρbhbu¨ i(k), k = 2, 3 . . . , N − 1,
q i[N−1] = ρbhbu¨
i
(N), u
i
(k) − u i(k+1) +
h
Gi3
q i[k] = 0, k = 1, 2 . . . , N − 1,
(3.1)
E3
h
(
w(2) − w(1)) = ρbhbw¨(1),
E3
h
(
w(k−1) − 2w(k) + w(k+1)) = ρbhbw¨(k), k = 2, 3 . . . , N − 1,
E3
h
(
w(N) − w(N−1)) = ρ bh bw¨(N).
(3.2)
Ïðåäñòàâèâ íåèçâåñòíûå u
(k)
i , w
(k)
, k = 1, 2, . . . , N , q i[k] , k = 1, 2, . . . , N − 1 , â âèäå
u
(k)
i = u˜
(k)
i sinωit, q
i
[k] = q˜
i
[k] sinωit, w
(k) = w˜ (k) sinωut, (3.3)
ðåøàÿ óðàâíåíèÿ (3.1), (3.2), äëÿ îïðåäåëåíèÿ êâàäðàòîâ êðóãîâûõ ÷àñòîò êîëåáà-
íèé ωi , ωu ìîæíî ïîëó÷èòü îðìóëû:
ïðè N = 2 :
ω2i = 2
Gi3
ρbhb h
, i = 1, 2; ω2u1 = 2
E3
ρbhbh
; (3.4)
ïðè N = 3 :
ω2i1 = 0, ω
2
i2 = 3
Gi3
ρbhbh
, i = 1, 2; ω2u1 = 0, ω
2
u2 = 3
E3
ρbhbh
; (3.5)
ïðè N = 4 :
ω2i1 = (2−
√
2)
Gi3
ρbhbh
, ω2i2 = 2
Gi3
ρbhbh
, ω2i3 = (2 +
√
2)
Gi3
ρbhbh
. (3.6)
Óñòàíîâëåííûå îðìû îòíîñÿòñÿ ê êëàññó îðì ñâîáîäíûõ êîëåáàíèé, ñîâåð-
øàþùèõñÿ áåç äåîðìàöèé è èñêðèâëåíèé íåñóùèõ ñëîåâ ïðè ìàëîé èçìåíÿåìîñòè
óíêöèé q i[k] â íàïðàâëåíèÿõ êîîðäèíàò x = x
1
, y = x2 , êîãäà äëÿ âû÷èñëåíèÿ
íàïðÿæåíèé q i[k] = σ
i3
[k] , σ
33
[k] äîïóñòèìî èñïîëüçîâàòü âûðàæåíèÿ
q i[k] = 2d
is
[k]ε
[k]
s3=
d is[k]
h [k]
[
u(k+1)s − u(k)s +
h(k)+h[k]
2
ω(k)s +
h(k+1) + h[k]
2
ω(k+1)s
]
,
σ33[k] = E
[k]
3 ε
[k]
33 =
E
[k]
3
h[k]
(
w(k+1) − w(k)), k = 1, 2, . . . , N − 1. (3.7)
Ïðè èõ èñïîëüçîâàíèè óðàâíåíèÿ äâèæåíèÿ îáîëî÷êè â ïðåäïîëîæåíèè ε
z(k)
ij = 0
óñòàíàâëèâàþòñÿ íà îñíîâå âàðèàöèîííîãî óðàâíåíèÿ
t∫
t0
[
δK −
∫∫
σ
N∑
k=1
h[k]/2∫
−h[k]/2
(
2q i[k]δε
[k]
i3 + σ
33
[k] δε
[k]
33
)
dσ dz[k]
]
dt = 0. (3.8)
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Ïðåäñòàâèì ïåðåìåùåíèÿ u
(k)
i , w
(k)
â âèäå ñîîòíîøåíèé
u
(k)
1 = u
(k) = u
(k)
0 + yϕ
(k), u
(k)
2 = v
(k) = v
(k)
0 − xϕ(k),
w(k) = w
(k)
0 + xθ
(k) + yψ(k), −a/2 ≤ x ≤ a/2, −b/2 ≤ y ≤ b/2,
(3.9)
â ñîîòâåòñòâèè ñ êîòîðûìè äëÿ ìíîãîñëîéíîé ïëàñòèíû ðåãóëÿðíîãî ñòðîåíèÿ
èìåþò ìåñòî ðàâåíñòâà
2 ε
(k)
ij = e
(k)
ij + e
(k)
ji ≡ 0, ω(k)1 = ∂w(k)/∂x = θ(k), ω(k)2 = ψ(k), χ(k)ij ≡ 0, (3.10)
2ε
[k]
13 =
1
h
[
u
(k+1)
0 − u(k)0 + y
(
ϕ(k+1) − ϕ(k))+ hb + h
2
(
θ(k+1) + θ(k)
)]
,
2ε
[k]
23 =
1
h
[
v
(k+1)
0 − v(k)0 − x
(
ϕ(k+1) − ϕ(k))+ hH + h
2
(
ψ(k+1) + ψ(k)
) ]
,
ε
[k]
33 =
1
h
[
w
(k+1)
0 − w(k)0 + x
(
θ(k+1) − θ(k))+ y(ψ(k+1) − ψ(k))].
(3.11)
Ïðè èñïîëüçîâàíèè ñîñòàâëåííûõ ñîîòíîøåíèé (3.9)(3.11) è ó÷åòå ñîîòíîøå-
íèé (3.7) èç âàðèàöèîííîãî óðàâíåíèÿ (3.8) â ïðèáëèæåíèè ρ[k] = 0 ñëåäóþò óðàâ-
íåíèÿ äâèæåíèÿ âèäà
− G13
h
[
u
(2)
0 − u(1)0 +
hb + h
2
(
θ(1) + θ(2)
) ]
+ ρbhbu¨
(1)
0 = 0,
G13
h
[
− u(k−1)0 + 2 u(k)0 − u(k+1)0 +
hb + h
2
(
θ(k−1) − θ(k+1))] +
+ ρbhb, u¨
(k)
0 = 0, k = 2, 3 . . . , N − 2,
G13
h
[
u
(N)
0 − u(N−1)0 +
hb + h
2
(
θ(N−1) + θ(N)
)]
+ ρbhbu¨
(N)
0 = 0,
(3.12)
G13
(
hb + h
)
2h
[
u
(2)
0 − u(1)0 +
hb + h
2
(
θ(1) + θ(2)
)] −
− E3a
2
12h
(
θ(2) − θ(1))+ ρbhba2
12
θ¨(1) = 0,
G13
(
hb + h
)
2h
[
− u(k−1)0 − u(k+1)0 +
hb + h
2
(
θ(k−1) − 2θ(k) + θ(k+1))] +
+
E3a
2
12h
(− θ(k−1) + 2 θ(k) − θ(k+1))+ ρbhba2
12
θ¨(k) = 0, k = 2, 3 . . . , N − 2,
G13
(
hb + h
)
2h
[
u
(N)
0 − u(N−1)0 +
hb + h
2
(
θ(N−1) + θ(N)
) ]
+
+
E3a
2
12h
(
θ(N) − θ(N−1))+ ρbhba2
12
θ¨(N) = 0,
−→
1, 2←−,
−→
u, v←−,
−−→
θ, ψ←−−,
(3.13)
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− E3
h
(
w
(2)
0 − w(1)0
)
+ ρbhbw¨
(1)
0 = 0,
E3
h
(− w(k−1)0 + 2w(k)0 − w(k+1)0 )+ ρbhbw¨(k)0 = 0, k = 2, 3 . . . , N − 2,
E3
h
(
w
(N)
0 − w(N−1)0
)
+ ρbhbw¨
(N)
0 = 0,
(3.14)
− Jg
(
ϕ(2) − ϕ(1))+ ρbhb(a2 + b2)ϕ¨(1) = 0,
Jg
(− ϕ(k−1) + 2ϕ(k) − ϕ(k+1) )+ ρbhb(a2 + b2)ϕ¨(k) = 0, k = 2, 3 . . . , N − 2,
Jg
(
ϕ(N) − ϕ(N−1))+ ρbhb(a2 + b2)ϕ¨(N) = 0,
(3.15)
ãäå Jg = G13b
2 +G23a
2
.
Ïîëó÷åííàÿ ñèñòåìà óðàâíåíèé (3.14) ïîëíîñòüþ ýêâèâàëåíòíà ñèñòåìå óðàâ-
íåíèé (3.2), è ïóòåì åå ðåøåíèÿ óñòàíàâëèâàþòñÿ ñîäåðæàùèåñÿ â (3.4) (3.6)
îðìóëû äëÿ îïðåäåëåíèÿ ω2u . Àíàëîãè÷íûì îáðàçîì ðåøåíèåì óðàâíåíèé (3.15)
óñòàíàâëèâàþòñÿ îðìóëû:
ïðè N = 2 :
ω2ϕ =
2Jg
ρbhbh(a2 + b2)
=
2(G13b
2 +G23 a
2)
ρbhbh(a2 + b2)
, (3.16)
ïðè N = 3 :
ω2ϕ1 = 0, ω
2
ϕ1 =
3(G13b
2 +G23a
2)
ρbhbh(a2 + b2)
, (3.17)
ïðè N = 4 :
ω2ϕ1 = (2 −
√
2)
Jg
ρbhbh(a2 + b2)
, ω2ϕ2 =
2Jg
ρbhbh(a2 + b2)
,
ω2ϕ3 = (2 +
√
2)
Jg
ρbhbh(a2 + b2)
.
(3.18)
Ïî ýòèì îðìóëàì âû÷èñëÿþòñÿ ÷àñòîòû êðóòèëüíûõ îðì ñâîáîäíûõ êîëåáàíèé,
ñîâåðøàþùèõñÿ âðàùåíèåì âîêðóã îñè z íåñóùèõ ñëîåâ îòíîñèòåëüíî äðóã äðóãà
ïðè δϕ(k) 6= 0 . Â ñëó÷àå G13 = G23 = G îíè ñâîäÿòñÿ ê îðìóëàì äëÿ îïðåäåëåíèÿ
÷àñòîò ω2i , ñîäåðæàùèõñÿ â (3.4)(3.6), è óäîâëåòâîðÿþò ðàâåíñòâó ω
2
u = ω
2
ϕ .
àññìîòðèì ñèñòåìó óðàâíåíèé (3.12), êîòîðàÿ äëÿ ñëó÷àÿ N = 2 (òðåõñëîéíàÿ
ïëàñòèíà) ïðåäñòàâèìà â âèäå
G13
h
[
u
(2)
0 − u(1)0 +
hb + h
2
(
θ(1) + θ(2)
)]
+ ρbhbω
2u
(1)
0 = 0,
G13
h
[
u
(2)
0 − u(1)0 +
hb + h
2
(
θ(1) + θ(2)
)]− ρbhbω2u(2)0 = 0, (3.19)
G13
(
hb + h
)
2h
[
u
(2)
0 − u(1)0 +
hb + h
2
(
θ(1) + θ(2)
)] −
− E3a
2
12h
(
θ(2) − θ(1))+ ρbhba2
12
ω2θ(1) = 0,
G13
(
hb + h
)
2h
[
u
(2)
0 − u(1)0 +
hb + h
2
(
θ(1) + θ(2)
) ] −
− E3, a
2
12h
(
θ(2) − θ(1))+ ρbhba2
12
ω2θ(2) = 0.
(3.20)
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Èç ñèñòåìû óðàâíåíèé (3.20) ïðè óñëîâèè θ(2) − θ(1) 6= 0 ñëåäóåò âòîðàÿ îðìóëà
â (3.4) è çàâèñèìîñòü
u
(2)
0 − u(1)0 =
(
ρbhbha
2
12G13
(
hb + h
)
ω2
− hb + h
2
)(
θ(1) + θ(2)
)
, (3.21)
à èç ñèñòåìû óðàâíåíèé (3.19)  çàâèñèìîñòü
θ(1) + θ(2) =
h
G13
(
hb + h
) (ρbhbω2 − 2G13
h
)(
u
(2)
0 − u(1)0
)
. (3.22)
Åñëè âíåñòè çàâèñèìîñòü (3.22) â (3.21), òî óñëîâèå u
(2)
0 − u(1)0 6= 0 èìååò ìåñòî ïðè
âûïîëíåíèè ðàâåíñòâ
ωi1 = 0, ωi2 =
2G13
ρhbh
[
1 +
(
hb + h
)2
a2
]
;
−→
1, 2←−;
−→
a, b←−.
Îòñþäà ñëåäóåò, ÷òî ÷èñòî ñäâèãîâûå îðìû êîëåáàíèé ñ ÷àñòîòàìè (3.4), ñîâåðøà-
þùèõñÿ çà ñ÷åò ïëîñêîïàðàëëåëüíûõ äâèæåíèé íåñóùèõ ñëîåâ â íàïðàâëåíèÿõ îñåé
x è y , èìåþò ìåñòî ëèøü ñ òî÷íîñòüþ äî âûïîëíåíèÿ ðàâåíñòâ 3
(
hb + h
)2
/a2 +
+ 1 ≈ 1 , 3(hb + h)2/b2 + 1 ≈ 1 , θ(k) ≈ 0 , ψ(k) ≈ 0 . Ýòè ðàâåíñòâà â ðåàëüíûõ
êîíñòðóêöèÿõ ñ òî÷íîñòüþ 1 + ε ≈ 1 âûïîëíÿþòñÿ äàæå ïðè (hb + h)/a ∼ √ε .
àáîòà âûïîëíåíà ïðè èíàíñîâîé ïîääåðæêå ÔÔÈ (ïðîåêòû  13-08-90435,
13-08-97076).
Summary
V.N. Paimushin, T.V. Polyakova. Rened Equations of Motion of Multilayered Shells with
Transversely Soft Fillers under a Medium Bending.
As a development of the earlier results, we onstruted a rened two-dimensional mathe-
matial model of the dynami deformation of multilayered plates and shells with transversely
soft llers, based on the lassi KirhhoLove model for supporting layers and the hypothesis
on similarity of the laws of variation of movements along the thikness of llers under both
stati and dynami loading proess. On the ground of this hypothesis, for a transversely
soft ller, we derived simplied quasi-stati equations of the theory of elastiity, whih allow
transverse integrating. When integrating the equations to desribe the stress-strain state (SSS),
we introdued (as in the stati problems) two-dimensional unknown funtions representing
transverse tangent stresses, onstant in thikness. Based on the generalized variational
OstrogradskiiHamilton priniple for desribing the dynami proesses of deformation with
high variability of SSS parameters, we obtained two-dimensional motion equations of general
form, where the inertial omponents have the same degree of auray in omparison with
the other ones. We simplied the obtained equations for the ase of low variability of SSS
parameters and onsidered the problem of free osillations of a small retangular multilayered
plate, whih are haraterized by a zero variability of the funtions in the tangential diretions
and are realized in the plate without deformation of the supporting layers.
Keywords: orthotropi plate, rened theory, trigonometri funtions, free osillations,
longitudinal-transverse form, osillation frequenies.
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